
Homework 1 Solution Key

Math 121A, Fall 2025

September 6, 2025

Problem 1. Section 1.1

(a) Problem 12

(b) Problem 15

(c) Problem 16

Problem 2. In the following problems, find the limit of the given sequence as n → ∞.

(a)

lim
n→∞

(n+ 1)2√
3 + 5n2 + 4n4

= lim
n→∞

1/n2

1/n2

n2 + 2n+ 1√
3 + 5n2 + 4n4

= lim
n→∞

1 + 2n/n2 + 1/n2√
3/n4 + 5n2/n2 + 4

=
1√
4
=

1

2
.

(b) Both 2n and n2 go to infinity, so we may use L’Hpital’s rule (actually, we will use it twice:

lim
n→∞

2n

n2
= lim

n→∞

log(2)2n

2n
= lim

n→∞

(log(2))22n

2
= ∞.

(c) Just like part (b), but the reciprocal:

lim
n→∞

n2

2n
= lim

n→∞

2n

log(2)2n
= lim

n→∞

2

(log(2))22n
= 0.

(d) Observe that if n > 8 ≥ 2e, then e
n ≤ 1

2 , so

en

n!
=

e

n

e

n− 1
. . .

e

3

e

2

e

1
≤ 1

2

e(n−1)

(n− 1)!
.

This means that en

n! ≤
(
1
2

)n−4 e4

4! , and so

lim
n→∞

en

n!
≤ lim

n→∞

(
1

2

)n−4
e4

4!
= 0.

(e) Observe that
nn

n!
=

n

n

n

n− 1

n

n− 2
. . .

n

2

n

1
≥ n,

so limn→∞
nn

n! ≥ limn→∞ n = ∞.

1



(f) Observe that

lim
n→∞

log
(
(1 + n2)1/ logn

)
= lim

n→∞

1

log n
log(1 + n2) = 2.

Thus, limn→∞(1 + n2)1/ logn = e2.

(g) Observe that

lim
n→∞

(n!)2

(2n)!
= lim

n→∞

n

2n

n− 1

2n− 1
. . .

1

2n+ 1

n!

n!
≤ lim

n→∞

1

2n+ 1
= 0.

(h) Notice that limn→∞ cos(1/n) = 1, so limn→∞ n cos(1/n) = ∞.

Problem 3. Use the integral test to prove the so-called “p-series test”. The series

∞∑
n=1

1

np
is

{
convergent if p > 1

divergent if p ≤ 1
.

Caution: do p = 1 separately.

Problem 4. Decide whether each of the following series are convergent or divergent.

(a)
∑∞

n=1
2n

n .

(b)
∑∞

n=1
2n

(2+ϵ)n , where ϵ > 0 is a fixed positive number.

(c)
∑∞

n=1
1

logn .

(d)
∑∞

n=2
1

n logn .

(e)
∑∞

n=1
n−a

n2b+1+c
, where a, c ∈ R and b > 1.

(f)
∑∞

n=1 e
−n2

. (Hint: compare with another series, e.g.
∑

e−n.)

(g)
∑∞

n=1
en

n! .

(h)
∑∞

n=1
n!

(2n)! .

(i)
∑∞

n=1
sin|n|
n2 .
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&roblem 1 : (section 1 .
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a) (1 . 1
. 12)

n = 2 = [ = z + y +
+

...

n = 1

-1
= it -1

= I

n = 3E i I

↓
=

2

·
At each step ,

" of the total filled aren

is removed
.

So the sequence
of filled areas is

1, , ) .... (4)...
The sequence

of removed area is

44)
,
hi, ...

,

4)

I
Total Remod Aren=Fi

This makes sense since the
sequence

of filledoens

lin() =0



c) (1 .

1
. 16) (1 - r) rell-r) -Y(l-r)

M ↑ ↑

v = 1 --- ---------

-Vr rayr3114 ...

----- ----

=0
Vr(l-r) ~ resir

-111 , Tire

8 ,
234s

· At ofd timesteps (time =
1

,
3

,

5
... ) we are at v = 1 n-b

Time : I 3 5
....
k+

Escaping : (l-r)
,
wall--)

,

wY(l - r), ...
raB(--)

S
,

total particles escaping s

# Particles escopis = (c-r) + -2(1 - -) + 4)1 - r) +
...

at

= (l-r) Yezk
k = J

: (l-r)
= (1- -)(=rz)
: Fr
ar ,

Now
,
since

( Particles
in ) =

/im
t
=

lim Chamber t+ x

time- X

so all particles must evetually escape,
#Particles escaping = 1-(#ptick espiya

From 8

= 1- i



· To maximize this
,

since It is decreasing,Fr
I-Ir -rthe function I- is increasing :Fr

the best we con to is pick ~as large as possible :

So,

Largest fruction =I-i
partities escaping
at x = 0

increasing ,

1-Eis -

1I-itr ra =J J
am

↳Problem 2

a)line
( + m)2

= lim

no

↳
6) Both Zu and i

use L'Hospitals rele
to infinity ,

so we not

&

Im E = in loghinllog
n +xnz n - y

↑

L'Hospital L'Hospital again



2) Just like the reciprocal of part 6 :

I'm:n +2

6) Observe that if n8I2e ,

then Est ,
so

..
So for n28, (1)

Yet
!

Linin
2) Observe that

=
3 lim in

n-x

=
f) Observe that

m log(In") = Lin logli :-

Enta)"-- e2
n - y



g) Observe that
lim (4)= ....
n + 0 (21) !

↓
lim n + 1

n = X

I⑧
=> lin

h) Since Ls) = 1
,vehorncos() = 0.



Problem3 :

Integral test !

· If p>1 ,

then

Notice : EP
12

-#-Som
2 N

: to tot ... to 1 + f t
k= 1

I

piu = 1 - p(1 - -)
So

N

lim [lim I-ll-t)
N-xk=

1 N-X

= 1-1
p

- 1

Excelgesfor ph 1 !



But if O < p1
N

&it#...
N

la (N + 1) p = 1

k=1
[ 9[ro ? SNdx=

So N

1[t[~

k= 1 lim

N -- N-X

eyeswhen pel !

Problem4 :

a) If 118
,
then zvan lock atgraphinX

So[
n = 1

=> Diverges by comparison Test .

6) Since 811 ,

this is

& (i) - conversty geometric series
n =1

2) Since legn In
for n 1

,
to Toge ,

So

&

2 in Et = > Diverges by comparison
with pseries ,

p= 1
.



6) Notice that I is positive , decreasing her x >2 .

slayt
we can use the integral test, adjusting to
+

go 50 u = (by(10g2) - log(0)
2
itogidx =

log2
u = log y

= X
du = = bu

=> Diverges by integral test .

&

2) [otn = 1

- (**)
(4)

N I
n- X

- -> twon n20 + 2

Since 621
,
(*) and (**) both converge ,

as they are (in largea livity p-series ·

↓) since e is increasing and ran when wil,

ere + It
en C

converges by integral
test :

=> e 58+ : et
.

n = 1
&



9) Just
like Problem 2 part 6)

,

when n >8
I

M

& (t)-e
ni

Sot & Converges by
4 !

n= P comparison with

geometric series w =" .

n)
# ..
(21)/

n
So R

=
2n

->
zinR Lant

↓ ↓
I = 2(n-k] =

2n
* zn-k Converges by comparison

I Series .it go
i) Since Isineal ,

conveyes by comparison

& -
with p-series , p = 2 .


