Homework 1 Solution Key

Math 121A, Fall 2025
September 6, 2025

Problem 1. Section 1.1

(a) Problem 12
(b) Problem 15
(c) Problem 16

Problem 2. In the following problems, find the limit of the given sequence as n — co.

(a)
(n+1)? I 1/n? n?>+2n+1 . 1+ 2n/n? +1/n? I 1

lim

_— = |IIlm = hm - .
n—o0 /3 4+ 5n2 +4nt n—ooo 1/n2 /3 4+ 5n2 +4nt  n—ooo \/3/n4+5n2/n2—|—4 N

(b) Both 2" and n? go to infinity, so we may use L’Hpital’s rule (actually, we will use it twice:

on 1 2)91 1 2 22n
lim — = lim 70g( ) = lim 7( 08(2)) = 00.
n—oo M n—oo n n—oo 2
(c) Just like part (b), but the reciprocal:
2
lim no_ lim 2 = lim 2 =0.

(d) Observe that if n > 8 > 2e, then £ < %7 SO

. n —4 _4
This means that % < (%)n %, and so

n 1 n—4 4
lim & < lim <2> —

n—oo N! n—00

(e) Observe that
n" n on n nn

nl nn—1n—-2"""21

n
s0 limy, o0 7 2 limy, 00 1 = 00.



(f) Observe that

lim log ((1 + n2)1/1°g"> = lim

n—o0 n—oo logn
Thus, lim,, (1 + n2)1/1°g” = e2.

(g) Observe that

lim (n)? lim n—1 1 n!

— — < lim =
n—oo (2n)! n—o2n2n—1 " 2n+1n! ~nocc2n+1

(h) Notice that lim, o cos(1/n) = 1, so lim,_, . ncos(1/n) = co.
Problem 3. Use the integral test to prove the so-called “p-series test”. The series

i 1 . {convergent ifp>1
— is ) . .
=P divergent ifp<1

Caution: do p =1 separately.

Problem 4. Decide whether each of the following series are convergent or divergent.

(b) >, %, where € > 0 is a fixed positive number.

)

)

(©) Xoti fogn-

(d) Xots rogn-

) domli sEtrs, Where a,c € R and b > 1.
)

)

)

)

Yoo e, (Hint: compare with another series, e.qg. > e~ ™.)

!
h 220:1 (272)!'
(i) oo, Sl

log(1 4 n?) = 2.
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